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Abstract
We evaluate string one-loop contributions to the Einstein-Hilbert term in toroidal minimally super-
symmetric type IIB orientifolds with D-branes. These have potential applications to the determina-
tion of quantum corrections to the moduli Ka¨hler metric in these models.
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1 Introduction
Toroidal orientifolds with minimal supersymmetry are valuable tools for string phenomenology (see
e.g. [1, 2] for reviews). On the one hand they are rich enough to be phenomenologically interesting
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(for example, having N = 1 supersymmetry), on the other hand, they are simple enough to be
technically rather tractable. To make progress in string phenomenology one could try different
routes. One could either try to find universal or at least generic features in string model building or
one could try to understand particular models in great detail, either with the hope that the features
of the model are representative at least for a certain class of string compactifications or with the aim
to see what possibilities string theory offers within a particular model. Having this second approach
in mind, this article continues the investigation of 1-loop corrections to the Ka¨hler metric of toroidal
N = 1 type II orientifolds with emphasis on the effect of N = 1 sectors, initiated in [3, 4].
Whereas [4] dealt with the 1-loop correction to the kinetic term of the moduli scalars in toroidal
N = 1 type IIB orientifolds, here we are focusing on the 1-loop correction to the Einstein-Hilbert
term in string frame. The two questions are, however, closely related as we will review in sec. 2. In
order to determine the 1-loop correction to the Ka¨hler metric of the scalar manifold, a knowledge
of the quantum corrections to the Einstein-Hilbert term is indispensable. Therefore, with this
interrelation in mind, our main example in this paper will be the Z′6 orientifold that was also the
main example in [4].
Calculating 1-loop corrections to the Einstein-Hilbert term within string theory is not a new
subject. In supersymmetric heterotic string compactifications such corrections are actually absent
[5, 6], whereas there are non-trivial corrections in four dimensional type I models with at most
N = 2 supersymmetry. In the case of N = 2 models these were first calculated in [7] (see also
[8]). The results were subsequently generalized to N = 1 orientifolds in [9, 10]. However, whereas
[9] considered only non-compact type IIB ZN orientifolds with odd N , [10] dealt with type IIA
orientifolds with D6-branes at angles.
In this paper we fill the missing gap and consider the 1-loop correction for a general compact
and tadpole-free ZN type IIB orientifold as enumerated in [11], i.e. Z3,Z6,Z′6,Z7,Z12. Our general
discussion is rather similar to the type IIA case treated in [10] but we also find differences. We
would like to stress that the two cases are not T-dual to each other. Rather, under T-duality the
type IIB orientifolds we are discussing here would be mapped to asymmetric type IIA orientifolds,
see for instance the discussion in sec. 4 of [12].
We then apply our general discussion to two concrete examples, one with odd N and one with
even N , i.e. the Z3 and the Z′6 models. One reason to consider also a ZN orientifold with odd N was
the claim of [9] that the contributions arising from the annulus A, Mo¨bius M and Klein bottle K
vanish in the case of odd N type IIB orientifolds, leaving only the torus contribution. We disagree
with this and identify a possible source for the discrepancy.
Apart from the conceptional differences to [10], we also had to extend that work on a technical
level. Applying our general discussion to the case of the Z′6 orientifold requires the evaluation of a
new type of integral over the world-sheet parameter. These integrals arise for the annulus amplitude
with one end on D5-branes and one on D9-branes as well as for the twisted Klein bottle. There were
no analogous contributions in the examples considered in [10]. We evaluate this new type of integral
in app. C.1, following a similar calculation in [4].
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Similar to [10], we find that there are two different kinds of corrections to the Einstein-Hilbert
term. Those arising from the N = 2 sectors of the orientifold are similar to the ones found in
[7]. They have a complicated dependence on the complex structure of the compactification space.
However, in contrast to the purely N = 2 supersymmetric case discussed in [7] some of these moduli
dependent corrections in the N = 1 models do not vanish when decompactifying the internal direc-
tions. This was also observed in [10]. In addition to these complex structure dependent corrections,
in N = 1 models there are also corrections arising from the N = 1 sectors of the orientifold. These
are moduli independent numbers.
The work of [8, 9, 10] was primarily motivated by attempts to find an embedding of the Dvali-
Gabadadze-Porrati scenario [13] into string theory. As we mentioned above, our main motivation
is very different. We are aiming at a better understanding of the quantum corrections to the low
energy effective action of the Z′6 model. On the way to determine the 1-loop correction to the Ka¨hler
metric on the moduli space the knowledge of the 1-loop correction to the Einstein-Hilbert term is a
necessary step. The third and final task to completely determine the 1-loop correction to the Ka¨hler
metric requires a knowledge of the correct definition of the field variables at loop level. Examples of a
field redefinition necessitated by quantum corrections can be found for instance in [7, 14, 15, 16, 17].
We leave this task for future work.
The paper is organized as follows. In sec. 2 we review the necessity of a knowledge of the quantum
corrections to the Einstein-Hilbert term when discussing quantum corrections to the moduli metric
in the low energy effective action. In sec. 3 we discuss 1-loop corrections to the Planck mass in N = 1
type IIB toroidal orientifolds, focusing on general statements and formulas, i.e. without specializing
to a particular ZN model. In the following two sections, these formulas are then evaluated in the case
of two concrete cases, the Z3 and the Z′6 models (in sec. 4 and sec. 5, respectively). We refer readers,
who are mainly interested in the final results, directly to equations (84) and (125), which give the 1-
loop correction to the Einstein-Hilbert term, i.e. δE as defined in (1), for Z3 and Z′6, respectively (E2
appearing in (125) is the non-holomorphic Eisentein series, defined in (180)). Finally we conclude
in sec. 6. Moreover, we collect some technical details in the appendix. More concretely, in app. A
we give a few useful formulas, in app. B we exemplarily give the full partition function of the Z′6
orientifold in order to illustrate the compact formulas of the main text. Then in app. C we gather
the details of two integrals that are needed in the main text. The first one, given in C.1, is relevant
for the contributions from N = 1 sectors and is new to our knowledge.
2 Effective field theory
In this section we review how the quantum corrections to the Einstein-Hilbert term influence the
form of the low energy effective action of string compactifications. This discussion heavily draws
from sec. 2 in [4].
As discussed there, in order to determine the quantum corrected Ka¨hler metric on the moduli
manifold in the Einstein frame, one has to deal with two complications, in addition to calculating
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the direct 1-loop correction to the metric in the string frame (which was the focus of [4]): One needs
to know the quantum corrections to the Einstein-Hilbert term in the string frame (which is the focus
of the present paper) and the quantum corrected definition of the Ka¨hler variables on moduli space
(which we leave for future work).
In order to exemplify these issues let us concentrate, following [4], on the Ka¨hler modulus of the
third torus in a toroidal orientifold model, which we will denote by τ . Its tree level definition is
denoted by τ (0). Now the quantum corrected kinetic term of τ (0) coupled to gravity in string frame
and up to 1-loop order is given by
S4 =
1
κ24
∫
d4x
√−g
[(
e−2Φ4 + δE
) 1
2
R+
(
G˜(0) + G˜(1)
)
∂µτ
(0)∂µτ (0)
]
+ . . . , (1)
where δE denotes the correction to the Einstein-Hilbert term, including tree level α′-corrections and
corrections from 1-loop, G˜(0) stands for the tree level metric (including α′ corrections [18]) and G˜(1)
denotes the contributions to the string frame metric arising at 1-loop level. Moreover,
κ−24 = (2pi
√
α′)6κ−210 = (piα
′)−1 (2)
and
e−2Φ4 ≡ e−2Φ10t1t2t3 =
√
σ(0)τ
(0)
1 τ
(0)
2 τ
(0)
3 , (3)
where e−2Φ10 is the ten-dimensional dilaton and
σ(0) = e−Φ10t1t2t3 , τ
(0)
i = e
−Φ10ti . (4)
Here the ti are the (dimensionless) torus volumes measured with the string frame metric.
1 As
mentioned above, when we talk about τ without a subscript we always have τ3 in mind.
As discussed in [4], the definition of the Ka¨hler variables in general gets quantum corrected, i.e.
one has
τ = τ (0) + δτ , (5)
where δτ is a moduli dependent function. In the case of an N = 2 supersymmetric compactification
on K3 × T 2 at an orbifold point this function δτ was determined at 1-loop level in [7]. In general
there might also be corrections from the disk level, in particular in the presence of fluxes and open
string scalars [7, 15, 16, 17].
Starting from (1) and performing a Weyl transformation to go to the Einstein frame, it was
shown in [4] that the quantum correction to the metric of the quantum corrected Ka¨hler modulus
T (with imaginary part τ), is given, up to 1-loop order, by2
G
(1)
T T¯
(T ) = e2Φ4G˜(1)(τ) + 12
(
∂Φ4
∂τ (0)
)2
δEe2Φ4 + 6
∂Φ4
∂τ (0)
∂δE
∂τ (0)
e2Φ4
−δEe4Φ4G˜(0)(τ) + 1
2τ3
δτ − 1
2τ2
∂δτ
∂τ
+ . . . . (6)
1More concretely, ti =
Vi
4pi2α′ , where Vi are the torus volumes.
2In deriving this result, some doubly suppressed terms were neglected, i.e. those which are suppressed both in the
large volume V−1 and the small string coupling gs. See [4] for more details.
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Obviously, a knowledge of the quantum correction to the Einstein-Hilbert term δE is crucial for
a complete understanding of the quantum corrected Ka¨hler metric. Its determination for toroidal
N = 1 type IIB orientifolds is the subject of the following sections.
3 Graviton 1-loop 2-point function, general analysis
In this section we derive some general formulas needed for computing the 1-loop correction to the
Planck mass in N = 1 type IIB toroidal orientifolds. These will be applied in secs. 4 and 5 to the
concrete Z3 and Z′6 models. At the beginning we follow closely the presentation in [10]. In the
concrete evaluation of the resulting formulas, our approaches differ (also from the approach pursued
in [9]). We found it most efficient to perform the spin-structure sum early on and go to the tree
channel only at the very end. Moreover, in contrast to [10], applying the general formulas to the Z′6
orientifold required evaluating a new type of integral that we perform in app. C.1.
Starting point is the amplitude of two gravitons (with momenta pi and polarization tensors εi)〈
Vg(p1, ε1)Vg(p2, ε2)
〉
=
∑
σ∈{T ,K,A,M}
〈
Vg(p1, ε1)Vg(p2, ε2)
〉
σ
, (7)
where the vertex operators are given by3
Vg(p, ε) = −2gc
α′
εµν
(
i∂Xµ + α
′
2 p · ψ ψµ
)(
i∂¯Xν + α
′
2 p · ψ˜ ψ˜ν
)
eip·X (8)
with εµνε
µν = 1, and one has to sum up the contribution of all 1-loop surfaces σ. Using the on-shell,
transversality and tracelessness conditions
p21 = p
2
2 = p1 · p2 = p1µεµν1 = p2µεµν2 = ηµνεµν1 = ηµνεµν2 = 0 , (9)
the amplitude (7) has to be proportional to the only remaining contraction, i.e.〈
Vg(p1, ε1)Vg(p2, ε2)
〉
= A iV4g
2
cp
µ
2ε1µνη
νλε2λρp
ρ
1 +O(p4) . (10)
This defines the quantity A. V4 is the regularized volume of the four-dimensional spacetime. Strictly
speaking the contraction appearing in (10) is also vanishing due to momentum conservation and
transversality. However, it was argued in [7, 8] that reading off the coefficient A of the kinematically
vanishing factor pµ2ε1µνη
νλε2λρp
ρ
1 in (10) gives the same result as a more rigorous calculation using a
3-point function. We assume that this still holds in the case of the N = 1 models under consideration
here ([7, 8] considered a model with N = 2 supersymmetry).
In order to translate (10) into a correction to the four-dimensional Planck mass, we have to
compare it to the relevant term in the action which leads to the linearized Einstein equations for a
metric fluctuation fulfilling the conditions (9). From eq. (6.9) in [20], for instance, we read off
S =
M2P
2
∫
d4x
(
− 1
2
hµν,ρh
νρ,µ
)
, (11)
3We follow the conventions of [19] which slightly differ from the ones used in [10].
6
where
Gµν = ηµν + hµν , (12)
for a symmetric fluctuation hµν . Note that the relation between hµν and the polarisation tensor εµν
appearing in the vertex operator (8) is given by (in momentum space)
hµν = −4pigcεµνeip·X , (13)
cf. (3.7.11) in [21]. Using the notation of (1), we have
M2P =
1
κ24
(
e−2Φ4 + δE
)
, (14)
where κ−24 was given in (2). Thus we should compare (10) with
− 1
4
κ−24
∫
d4x δE hµν,ρh
νρ,µ . (15)
In order to do so, in (10) we make the substitutions (cf. (13))
V4 →
∫
d4x , ig2c p
µ
2ε1µνη
νλε2λρp
ρ
1 → −
1
16pi2
· 1
2
· hµν,ρhνρ,µ , (16)
where the factor 1/2 is a symmetry factor for identical fields and the factor of i on the left hand side
is the familiar factor for Lorentzian S-matrix elements. Comparing the resulting expression with
(15), we obtain
δE =
κ24
8pi2
A =
α′
8pi
A . (17)
Thus, the remaining task is to obtain an explicit expression for (10) in order to determine A.
The amplitude gets contributions from all 1-loop surfaces, i.e. T ,K,A and M. The torus con-
tribution could be calculated via world-sheet methods, cf. [9], but we just read it off from eq. (5.3)
in [22]. Including also the α′-correction to the Planck-mass from the sphere it gives
(δE)S2+T =
χ
(2pi)3
(
2ζ(3)
e−2Φ4
V +
pi2
3
)
, (18)
where V is the overall volume (in units of (2pi√α′)6) and, due to the orientifold projection, we added
a factor of 1/2 to the torus contribution of eq. (5.3) in [22]. Thus, in the following we can concentrate
on the contribution from K,A and M.4
4It would be interesting to confirm that there are no contributions from the disk in N = 1 models, following the
suggestion at the end of sec. 3 in [8].
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We closely follow the calculation in [10]. Neglecting the momentum conservation delta function
(arising from the bosonic zero mode integration) we have
Aσ = − 1
8N(4pi2α′)2
∑
s=even
∫ ∞
0
dt
t3
N−1∑
k=0
Z(k)σ (τσ, s)
∫
σ
d2ν1
∫
σ
d2ν2 (19)(
〈∂¯X1∂¯X2〉σ(〈ψ2ψ1〉sσ)2 + 〈∂X1∂¯X2〉σ(〈ψ2ψ˜1〉sσ)2
+ 〈∂¯X1∂X2〉σ(〈ψ˜2ψ1〉sσ)2 + 〈∂X1∂X2〉σ(〈ψ˜2ψ˜1〉sσ)2
)
, (20)
where σ stands for the different world-sheet topologies K,A and M, with world-sheet parameters
τK = 2it, τA = it2 , τM =
1
2 +
it
2 , and Z
(k)
σ (τσ, s) is the contribution to the partition function from
the k-twisted sector. We will discuss it in more detail below, cf. (26). The spin structure sum only
runs over the even spin structures s. Note, that there is no contribution to Aσ from eight fermion
terms. From (8) these come with four powers of momenta and there are no poles in the ν integrals
which could reduce the order in momenta (cf. sec. 3.4 in [4]).
We now use (see for instance [10])
(〈ψ2(ν)ψ1(0)〉sσ)2 = −∂2ν lnϑ1(ν, τ) + ∂2v
ϑs(v, τ)
ϑs(0, τ)
∣∣∣∣
v=0
, (21)
i.e. it is the sum of a spin structure independent term with a spin structure dependent term. As
argued in [9, 10], the contribution to Aσ involving the first term in (21) (the spin structure inde-
pendent term) does not survive the sum over spin structures in the supersymmetric case. On the
other hand, the spin structure dependent (second) term does not depend on the vertex operator
position and, thus, can be taken out of the ν integrals. Moreover, given that it does not depend on
the vertex operator position, it is the same for (〈ψ2ψ1〉sσ)2, (〈ψ2ψ˜1〉sσ)2, (〈ψ˜2ψ1〉sσ)2 and (〈ψ˜2ψ˜1〉sσ)2.
Our conventions for the world-sheet fermions lead to relative minus signs between the contributions
in (20) arising from (〈ψ2ψ1〉sσ)2 and (〈ψ˜2ψ˜1〉sσ)2 on the one hand and (〈ψ2ψ˜1〉sσ)2 and (〈ψ˜2ψ1〉sσ)2 on
the other hand (cf. app. D in [4]). The resulting ν integral can then be solved using [7]∫
σ
d2ν1
∫
σ
d2ν2
(
〈∂¯X1∂¯X2〉σ − 〈∂X1∂¯X2〉σ − 〈∂¯X1∂X2〉σ + 〈∂X1∂X2〉σ
)
=
α′pi Im(τσ)
2
. (22)
Taking into account (17), we end up with5
(δE)σ = − α
′
8pi
1
8N(4pi2α′)2
∂2v
∑
s=even
∫ ∞
0
dt
t3
N−1∑
k=0
Z(k)σ (τσ, s)
ϑs(v, τσ)
ϑs(0, τσ)
α′pi Im(τσ)
2
∣∣∣∣∣
v=0
(23)
= −(α
′)2
8pi
1
8N(4pi2α′)2
∫ ∞
0
dt
t3
pi Im(τσ)
2
N−1∑
k=0
∂2v
∑
s=even
Z(k)σ (τσ, s)
ϑs(v, τσ)
ϑs(0, τσ)
∣∣∣∣∣
v=0
(24)
= −(α
′)2
8pi
1
8N(4pi2α′)2
∫ ∞
0
dt
t3
pi Im(τσ)
2
N−1∑
k=0
∑
s=even
Z(k)σ (τσ, s)
ϑ′′s(0, τσ)
ϑs(0, τσ)
. (25)
5This is the analog of eqs. (2.20-22) in [10]. Our result differs slightly in the overall factor, due to (13). Note that
we do agree on the overall sign despite appearance. The sum over spin structures involves an extra minus sign in [10],
as can be seen for instance in eq. (3.3) therein.
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s 1 2 3 4[
α
β
] [
1/2
1/2
] [
1/2
0
] [
0
0
] [
0
1/2
]
ηs −1 −1 +1 −1
Table 1: Spin structures can be expressed in (α, β) or s.
The partition functions can compactly be written as [11, 4]
Z(k)σ (τσ, s) = (−2pi) CPσ χ˜σ(−2 sin(piγ3))
 2∏
j=1
f(γj)
Zϑs (γi, hi, gi) (26)
with Zϑs (γi, hi, gi) being the ϑ-dependent part of the partition function given by
Zϑs (γi, hi, gi) = ηαβ
ϑ
[
α
β
]
ϑ
[
α+h1
β+γ1+g1
]
ϑ
[
α+h2
β+γ2+g2
]
ϑ
[
α
β+γ3
]
ϑ′
[ 1
2
1
2
]
ϑ
[ 1
2
+h1
1
2
+γ1+g1
]
ϑ
[ 1
2
+h2
1
2
+γ2+g2
]
ϑ
[ 1
2
1
2
+γ3
] , (27)
where the relation between s and (α, β) can be found in table 1. In (26) CPσ stands for the corre-
sponding Chan-Paton factor of the open-string world-sheets and CP = 1 for the Klein bottle. For-
mula (26) holds for all tadpole-free ZN type IIB orientifolds discussed in [11], i.e. Z3,Z6,Z′6,Z7,Z12.
The concrete forms of CPσ, χ˜σ, γi, f , hi and gi can be found in table 2. The models with even
N have D5-branes wrapped around the third torus leading to the distinction of γ3 in (26). On the
other hand, models with odd N do not have any D5-branes (and thus, no amplitudes A55,A95,M5)
and only untwisted strings run in the Klein bottle (i.e. there is no amplitude Kt).
The expression (26) is strictly speaking only valid for N = 1 sectors. For N ≥2 sectors, one can
use the following prescription [11]. These sectors have the feature that at least along one torus hi
vanishes and γi+gi is integer. In that case, (26) has a well defined limit but one also has to include a
sum over momentum or winding states. Concretely, one should perform the following substitutions:
• M9
γi = integer, i = 1, 2, 3 :
−2 sinpiγi
ϑ
[ 1
2
1
2
+γi
] → 1
η3
L[i,M] (28)
• M5
γi = half-integer, i = 1, 2 :
2 cospiγi
ϑ
[ 1
2
1
2
+γi+gi
] = (−1)i−2 sinpi(γi + gi)
ϑ
[ 1
2
1
2
+γi+gi
] → (−1)i
η3
L[i,W] (29)
γ3 = integer :
−2 sinpiγ3
ϑ
[ 1
2
1
2
+γ3
] → 1
η3
L[3,M] (30)
9
σ CP χ˜ γi f(γi) h1 h2 g1 g2
Ku 1 1 2kvi −2 sin(piγi) 0 0 0 0
Kt 1 χ˜(ΘN/2,Θk) 2kvi 1 12 −12 0 0
A99 (trγk9 )2 1 kvi −2 sin(piγi) 0 0 0 0
A55 (trγk5 )2 1 kvi −2 sin(piγi) 0 0 0 0
A95 (trγk9 )(trγk5 ) 2 kvi 1 12 −12 0 0
M9 trγ2k9 −1 kvi −2 sin(piγi) 0 0 0 0
M5 trγ2k5 −1 kvi 2 cos(piγi) 0 0 12 −12
Table 2: Constants associated with partition functions. Ku and Kt denote the Klein bottle contributions
with untwisted (Ku) and ΘN/2-twisted (Kt) closed strings running in the loop. χ˜(ΘN/2,Θk) for Kt denotes
the number of simultaneous fixed points of ΘN/2 and Θk, see (A.4) of [23]. The CP factors corresponding to
the D5-branes assume that all D5-branes are sitting at the fixed point at the origin of the compact transverse
space.
• A99
γi = integer, i = 1, 2, 3 :
−2 sinpiγi
ϑ
[ 1
2
1
2
+γi
] → 1
η3
L[i,M] (31)
• A55
γi = integer, i = 1, 2 :
−2 sinpiγi
ϑ
[ 1
2
1
2
+γi
] → 1
η3
L[i,W] (32)
γ3 = integer :
−2 sinpiγ3
ϑ
[ 1
2
1
2
+γ3
] → 1
η3
L[3,M] (33)
• A95
γ3 = integer :
−2 sinpiγ3
ϑ
[ 1
2
1
2
+γ3
] → 1
η3
L[3,M] (34)
• Ku (γi = 2kvi)
γi = even-integer, i = 1, 2, 3 :
−2 sinpiγi
ϑ
[ 1
2
1
2
+γi
] → 1
η3
L[i,M] (35)
γi = odd-integer, i = 1, 2, 3 :
−2 sinpiγi
ϑ
[ 1
2
1
2
+γi
] → 1
η3
L[i,W] (36)
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• Kt (γ3 = 2kv3)
γ3 = even-integer :
−2 sinpiγ3
ϑ
[ 1
2
1
2
+γ3
] → 1
η3
L[3,M] (37)
γ3 = odd-integer :
−2 sinpiγ3
ϑ
[ 1
2
1
2
+γ3
] → 1
η3
L[3,W] . (38)
Here L[j,M/W] is the momentum/winding sum along the jth torus (with volume Vj and metric g[j]ab ,
cf. (177)) given by
L[j,M] = Vj
4pi2α′t
∑
m1,m2
e−
pi
t
mambg
[j]
ab , (39)
L[j,W] = 4pi
2α′
Vj t
∑
w1,w2
e−
pi
t
wawbg
[j]ab
. (40)
For A and M the momentum sum L[j,M] appears if the jth torus is parallel to the branes whereas
the winding sum L[j,W] appears if the jth torus is transversal to the branes. For K the situation is as
follows: If γj is even, the corresponding torus is not reflected. The orientation reversal Ω, however,
reverses the winding modes. Thus, only the momentum modes survive. On the other hand, if γj
is odd, the corresponding torus is reflected (i.e. kvj is half-integer). Combined with the orientation
reversal Ω, this leaves the winding modes along this torus invariant, cf. sec. 9.14.2 in [24]. Note that
the terms “momentum” and “winding” as used here refer to the open string channel. When writing
down (39) and (40) we performed a Poisson resummation, cf. (127), thus expressing the sums in the
closed string channel.
In order to see these substitution rules in action, we give the explicit form of the partition
function for the Z′6 orientifold in app. B.6
The substitutions (28) - (38) can be done after performing the spin-structure summation. Thus,
the sum over spin structures in (25) can be performed using (26) and (27) for the partition function.
Then we need the formula (cf. eq. (130) in [25])
∑
s=even
Zϑs
ϑ′′s(0)
ϑs(0)
=
3∑
i=1
ϑ′
[
1/2+hi
1/2+γi+gi
]
(0)
ϑ
[
1/2+hi
1/2+γi+gi
]
(0)
. (41)
With this, (25) reads
(δE)σ = − pi(α
′)2
32N(4pi2α′)2
∫ ∞
0
dt
t2
Im(τσ)
t
N−1∑
k=0
CPσχ˜σ sin(piγ3)
 2∏
j=1
f(γj)
 3∑
i=1
ϑ′
[
1/2+hi
1/2+γi+gi
]
(0)
ϑ
[
1/2+hi
1/2+γi+gi
]
(0)
.
(42)
6In order to make contact between (26) and the formulas in app. B you have to use tr
(
(γΩk,9)
T(γΩk,9)
−1) = trγ2k9
and tr
(
(γΩk,5)
T(γΩk,5)
−1) = −trγ2k5 , cf. eqs. (2.36) and (2.41) in [11]. Moreover, at some places (in particular forM5)
one has to use ϑ
[
1
2
1+a
]
= −ϑ
[
1
2
a
]
, cf. eq. (129).
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Again this expression is strictly valid only for N = 1 sectors. N = 4 sectors vanish and for N = 2
sectors one would have to perform the substitutions mentioned above. In these sectors there is no
contribution from massive string states, there are no theta functions in the integrand and, thus, the
t-integral is relatively simple. We will see this in a concrete example in sec. 5.2.
Let us now look at the contributions from N = 1, 2 sectors in turn and let us see how far we can
get without specializing to a concrete model.
3.1 N = 1 sectors
The N = 1 sectors can be treated in a way very analogous to secs. 3.8 - 3.11 of [4]. Their contribution
to the Planck mass is given by
(δE)(N=1) =
∑
σ
(δE)(N=1)σ = −
pi(α′)2
64N(4pi2α′)2
∫ ∞
0
dt
t2
∑
σ
∑
k∈{N=1}
CPσ σ
(k). (43)
Here7
σ(k) = e˜σ χ˜σ sin(piγ3)
 2∏
j=1
f(γj)
 σˆ(k) for k ∈ {N = 1} (44)
with
e˜σ =
{
1 for A,M
4 for K , (45)
and
σˆ(k) =
3∑
i=1
ϑ′
[
1/2+hi
1/2+γi+gi
]
(0)
ϑ
[
1/2+hi
1/2+γi+gi
]
(0)
. (46)
For later use, we also introduce
eσ =
{
1 for A
4 for M,K , (47)
which differs from e˜σ for the Mo¨bius amplitude.
7Note that σ in summations and subscripts stands for a surface, i.e. σ = {Ku,Kt,A95,A99,A55,M9,M5}, but
when we write σ with superscript (k) such as in M(k)5 , we mean quantities defined in (44).
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From (44)-(46) and table 2, we have
K(k)u = 16 sin(2pi k v3) sin(2pi k v1) sin(2pi k v2) Kˆ(k)u , (48)
A(k)99 = 4 sin(pi k v3) sin(pi k v1) sin(pi k v2) Aˆ(k)99 , (49)
M(k)9 = −4 sin(pi k v3) sin(pi k v1) sin(pi k v2)Mˆ(k)9 , (50)
K(k)t = 4 χ˜(ΘN/2,Θk) sin(2pi k v3) Kˆ(k)t , (51)
A(k)55 = 4 sin(pi k v3) sin(pi k v1) sin(pi k v2) Aˆ(k)55 , (52)
A(k)95 = 2 sin(pi k v3) Aˆ(k)95 , (53)
M(k)5 = −4 sin(pi k v3) cos(pi k v1) cos(pi k v2)Mˆ(k)5 . (54)
Note that for odd N there is no contribution from Kt, A55, A95 and M5.
Using the behavior of the theta functions under shifts in their characteristics, cf. eq. (129), and
the fact that the even/odd spin structure theta functions are even/odd functions of their argument,
together with the supersymmetry condition
∑
i vi = 0, one can check that
σˆ(qN±k) = ±σˆ(k) for all σ, σˆ( qN2 ±k) = ±σˆ(k) for K , (55)
σ(qN±k) = σ(k) for all σ, σ(
qN
2
±k) = σ(k) for K . (56)
Here q is an arbitrary integer and N is the order of the orbifold group ZN . These identities allow
the individual sectors to be related to each other. We will make use of this in the examples below,
cf. secs. 4 and 5.
For N = 1 sectors with hi = 0 the t-integral in eq. (43) can be performed using the results of [4]
(cf. (115)-(117)), i.e. (assuming 0 < γ < 1 for A and K, and 0 < γ < 1/2 for M)8
IA/K(γ) =
∫ ∞
1
eσΛ
dt
t2
ϑ′1(γ, τσ)
ϑ1(γ, τσ)
= eσpi(1− 2γ)Λ2 + eσ pi
24
[
ψ′(γ)− ψ′(1− γ)] , (57)
IM(γ) =
∫ ∞
1
4Λ
dt
t2
ϑ′1(γ,
1
2 +
it
2 )
ϑ1(γ,
1
2 +
it
2 )
= 8pi(1− 4γ)Λ2 + pi
12
[
ψ′(γ)− ψ′(1− γ)− 12ψ′(12 + γ) + 12ψ′(12 − γ)
]
.
(58)
Here ψ′(x) denotes the trigamma function, i.e. the derivative of the digamma function ψ(x) =
Γ′(x)/Γ(x).
The t-integral of terms with hi = ±1/2, appearing in Kt and A95, is new. We compute it in app.
C where we find (again for 0 < γ < 1)
I˜A/K(γ) =
∫ ∞
1
eσΛ
dt
t2
ϑ′4(γ, τσ)
ϑ4(γ, τσ)
= eσpi(1− 2γ)Λ2 − eσ pi
48
[
ψ′(γ)− ψ′(1− γ)] . (59)
8The surface dependent cutoffs at the lower end of the t-integrals ensure a uniform cutoff in the closed string
channel, i.e. ` = 1/(eσt) < Λ.
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3.2 N = 2 sectors
N = 2 sectors are characterized by the fact that along exactly one torus (say the nth torus) hn
vanishes and γn + gn is integer. In this case, one has to take a limit of (42). It is clear from table
2 that sin(piγ3)
(∏2
j=1 f(γj)
)
vanishes in this case and the only contribution to (δE)σ comes from
the summand with i = n, i.e. from the term with ϑ
[
1/2+hn
1/2+γn+gn
]
(0) in the denominator which also
vanishes.9 Then the substitution rules (28) - (38) lead to
(− 2 sinpi(γn + gn)) ϑ′
[
1/2
1/2+γn+gn
]
(0)
ϑ
[
1/2
1/2+γn+gn
]
(0)
→
ϑ′
[ 1
2
1
2
+γn+gn
]
(0)
η3
L[n,M/W] (60)
= (−2pi)(−1)γn+gnL[n,M/W] . (61)
To summarize, the N = 2 sector contribution is given by
(δE)(N=2) =
∑
σ
(δE)(N=2)σ = −
pi(α′)2
64N(4pi2α′)2
∫ ∞
0
dt
t2
∑
σ
∑
k∈{N=2}
CPσ σ
(k) . (62)
Here
σ(k) = pi e˜σ χ˜σD
(k)
σ L[n,M/W] for k ∈ {N = 2} (63)
with the constant factor D
(k)
σ given by
D(k)σ = (−1)γn+gn
3∏
i 6=n
F (γi) (64)
with
F (γi) =
{
f(γi) for i = 1 and 2
−2 sinpiγ3 for i = 3
. (65)
Obviously, n depends on the concrete N = 2 sector, i.e. on k and σ.
Let us express (39) and (40) collectively as
L[n,M/W] = C
[n,M/W]
t
∑
m1,m2
e−
pi
t
mamb g
[n,M/W]
ab , (66)
9On the other hand, for N = 4 sectors hi vanish and γi + gi are integer along all three tori. Thus, the numerator
of (42) has a triple zero which can not be balanced by the simple zero in the denominator. Consequently the N = 4
sectors do not contribute.
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where
C [n,M/W] =
{
Vn
4pi2α′ for M (momentum sum)
4pi2α′
Vn
for W (winding sum)
(67)
and
g
[n,M/W]
ab =
{
g
[n]
ab for M (momentum sum)
g[n]ab for W (winding sum)
, (68)
i.e. g
[n,W]
ab is the inverse matrix of g
[n,M]
ab .
Now we split L[n,M/W] as
L[n,M/W] = C
[n,M/W]
t
1 + ∑
~m∈Z2\~0
e−
pi
t
mamb g
[n,M/W]
ab
 (69)
=
C [n,M/W]
t
+ L′[n,M/W] (70)
with
L′[n,M/W] = C
[n,M/W]
t
∑
~m∈Z2\~0
e−
pi
t
mamb g
[n,M/W]
ab . (71)
Then we have ∫ ∞
1
eσΛ
dt
t2
L[n,M/W] = C
[n,M/W] e2σΛ
2
2
+
∫ ∞
0
dt
t2
L′[n,M/W] . (72)
Here we set Λ =∞ in the second term on the right hand side since it is finite in the limit Λ→∞.
It can be evaluated using (see app. C.2)
Γ[n,M/W] ≡
∫ ∞
0
dt
t3
∑
~m∈Z2\~0
e−
pi
t
mamb g
[n,M/W]
ab (73)
=

(4pi2α′)2
pi2V 2n
E2
(
U [n]
)
, for M (momentum sum)
V 2n
pi2(4pi2α′)2 E2
(
− 1
U [n]
)
for W (winding sum)
, (74)
where U [n] is the complex structure of the nth torus and E2 is a non-holomorphic Eisenstein series,
cf. (180).
Now we collected all the relevant formulas to evaluate the 1-loop correction to the Planck mass
in explicit models. For illustration we do so for one odd and one even order orbifold group, i.e. for
the Z3 and Z′6 orientifolds.
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4 Example: Z3
Let us begin with the Z3 orientifold, which is the simplest example of ZN with odd N . This has the
twist vector v =
(
1
3 ,
1
3 ,−23
)
and only D9-branes (no D5-branes). Furthermore, there are no N = 2
sectors. As discussed in footnote 9 above, the N = 4 sector (i.e. k = 0) vanishes, so we are left with
only N = 1 sector contributions.
Their contribution to the Planck mass is determined by (cf. (43))∑
σ
∑
k∈{N=1}
CPσ σ
(k) =
∑
k=1,2
[
K(k)u + (trγk9 )2A(k)99 + (trγ2k9 )M(k)9
]
(75)
= 2
[
K(1)u + 16A(1)99 − 4M(1)9
]
(76)
= 32
 3∏
j=1
sinpivj
[−Kˆ(1)u + 4Aˆ(1)99 + Mˆ(1)9 ] . (77)
In the second equality we used (56) and the tadpole conditions |trγ9| = 4 and trγ29 = trγ49 = −4 (cf.
(2.37) and the line below that eq. in [11]). In the third equality we used (48)-(50).
Next we have to perform the t-integral, i.e.∫ ∞
0
dt
t2
[
−Kˆ(1)u + 4Aˆ(1)99 + Mˆ(1)9
]
= −
∫ ∞
1
4Λ
dt
t2
Kˆ(1)u + 4
∫ ∞
1
Λ
dt
t2
Aˆ(1)99 +
∫ ∞
1
4Λ
dt
t2
Mˆ(1)9
= −3
∫ ∞
1
4Λ
dt
t2
ϑ′1(2v1, τK)
ϑ1(2v1, τK)
+ 12
∫ ∞
1
Λ
dt
t2
ϑ′1(v1, τA)
ϑ1(v1, τA)
+
+3
∫ ∞
1
4Λ
dt
t2
ϑ′1(v1, τM)
ϑ1(v1, τM)
= −3IK(2v1) + 12IA(v1) + 3IM(v1)
= Λ2
(
12pi
3
+
12pi
3
− 24pi
3
)
+
+
5pi
4
[
ψ′
(
1
3
)
− ψ′
(
2
3
)]
+
pi
8
[
ψ′
(
1
6
)
− ψ′
(
5
6
)]
=
15pi
4
[
ψ′
(
1
3
)
− 2pi
2
3
]
= 15pi sin
(pi
3
)
Cl2
(pi
3
)
. (78)
In the second equality we used that for Z3 (i.e. for v =
(
1
3 ,
1
3 ,−23
)
) the quantities σˆ(1) of eq. (46)
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(with σ = {Ku,A99,M9}) can be simplified to
σˆ(1) = 2
ϑ′
[
1/2
1/2+γ1
]
ϑ
[
1/2
1/2+γ1
] + ϑ′
[
1/2
1/2+γ3
]
ϑ
[
1/2
1/2+γ3
] (79)
= 3
ϑ′
[
1/2
1/2+γ1
]
ϑ
[
1/2
1/2+γ1
] . (80)
In the fourth equality we used (57) and (58), while the fifth and sixth equalities make use of
ψ′
(
2
3
)
= −ψ′
(
1
3
)
+
4pi2
3
, ψ′
(
1
6
)
= 5ψ′
(
1
3
)
− 4pi
2
3
, ψ′
(
5
6
)
= −5ψ′
(
1
3
)
+
16pi2
3
(81)
and
ψ′
(
1
3
)
= 4 sin
(pi
3
)
Cl2
(pi
3
)
+
2pi2
3
, (82)
respectively. Here Cl2 is the second Clausen function. Note that the UV divergences (∝ Λ2) cancel.
Putting all constant factors together, the final result reads (using (43), (77) and (78))
(δE)K+A+M = − pi(α
′)2
64N(4pi2α′)2
32 sin
(pi
3
)3
sin
(
−2pi
3
)
15piCl2
(pi
3
)
=
45
512pi2
Cl2
(pi
3
)
. (83)
To this one still has to add the contribution from the sphere and the torus, cf. (18), leading to
δE =
45
512pi2
Cl2
(pi
3
)
+
χ
(2pi)3
(
2ζ(3)
e−2Φ4
V +
pi2
3
)
, (84)
where Cl2(pi/3) ≈ 1.015 and the Euler number of the Z3 orientifold is χ = 2(h(1,1) − h(2,1)) = 72, cf.
table 20 in [2].
There is a relation between the Clausen function and the Hurwitz zeta function, i.e.
ζ(2, 5/6)− ζ(2, 1/6) = ψ′(5/6)− ψ′(1/6) (85)
= −10
[
ψ′(1/3)− 2pi
2
3
]
(86)
= −40 sin(pi/3)Cl2
(pi
3
)
(87)
= −20
√
3 Cl2
(pi
3
)
. (88)
Here we used ζ(1 + n, γ) = (−1)
n+1
n! ψ
(n)(γ) in the first line, and (81) and (82) in the second and
third lines, respectively. This relation shows that our result (83) is very similar to the type IIA
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result found by Epple, cf. (3.10) in [10]. The overall coefficients do not match, but this is not too
surprising, given that the IIA and IIB Z3 orientifolds are not T-dual to each other.10 Rather, as we
already mentioned in the introduction, under T-duality the type IIB orientifold we are discussing
here would be mapped to an asymmetric type IIA orientifold.
Note also that our result differs from the one found in [9] for non-compact type IIB orientifolds
with odd N and only D3-branes (instead of D9-branes in our case). There the conclusion was that
the overall contribution of A,M and K vanishes, due to a cancellation between the k and (N − k)
sectors. This discrepancy can be traced back to the fact that [9] uses absolute values of the sin-
factors in the partition function. Our understanding is that the absolute values should only appear
in the t→ 0 limit, cf. (7.12) and (7.14) in [11], for instance.
5 Example: Z′6
The Z′6 orientifold has twist vector v =
(
1
6 ,−12 , 13
)
. Given that the torus lattice has to be invariant
under the orbifold action, the complex structures of the first and third torus are fixed, whereas the
complex structure of the second torus is still a free modulus U2. The model has both D9-branes
and D5-branes wrapped around the third torus. For simplicity we assume that all the D5-branes
are sitting at the fixed point at the origin of the compact transverse space. Moreover, in addition to
the N = 1 and N = 4 sectors which were already present in the last example of Z3, it also features
N = 2 sectors. The different sectors are shown in table 3 which also indicates the volume dependence
of the different sectors (Vj stands for the volume of the jth torus). N = 2 sectors exhibit a single
volume factor, N = 4 sectors three volume factors and N = 1 sectors only get contributions from
completely localized strings so that they do not sense any of the torus volumes (i.e. they correspond
to empty fields in table 3).
5.1 N = 1 sectors
The N = 1 sector sum in (43) for Z′6 is given by∑
σ
∑
k∈{N=1}
CPσ σ
(k) = (89)
=
∑
k=1,2,4,5
K(k)t +
∑
k=2,4
[
(trγk9 )(trγ
k
5 )A(k)95
]
+
∑
k=1,5
(trγ2k9 )M(k)9 +
∑
k=2,4
(trγ2k5 )M(k)5 (90)
+
∑
k=1,5
[
(trγk9 )(trγ
k
5 )A(k)95
]
+
∑
k=1,5
[
(trγk9 )
2A(k)99 + (trγk5 )2A(k)55
]
(91)
=
∑
k=1,2,4,5
K(k)t +
∑
k=2,4
[
(trγk9 )(trγ
k
5 )A(k)95
]
+
∑
k=1,5
(trγ2k9 )M(k)9 +
∑
k=2,4
(trγ2k5 )M(k)5 . (92)
10Note, however, footnote 5; moreover, there is an overall factor of pi missing on the right hand side of formula (A.15)
in [10] and the sign in the middle expression of (3.10) in [10] is wrong, as can be seen from eq. (B.8) therein. This is
also clear from the fact that ζ(2, 5/6)− ζ(2, 1/6) ≈ −35.16 is negative, wheras the right hand side of (3.10) is positive.
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σ \ k 0 1 2 3 4 5
Ku V1V2V3 1V2 V2 V3V1V2 V2 1V2
Kt V3 V3
A99 V1V2V3 V2 V3 V2
A55 V3V1V2 1V2 V3 1V2
A95 V3 V3
M9 V1V2V3 V2 V3 V2
M5 V3 1V2 V3V1V2 1V2
Table 3: Volume factors for the different sectors of the Z′6 orientifold. Fields with no entry correspond toN =
1 sectors, fields with a single volume factor correspond to N = 2 sectors and fields with three volume factors
denote N = 4 sectors. Volumes in the numerator/denominator are accompanied by momentum/winding
sums.
In the last equality we used the tadpole condition tr(γk9 ) = 0 = tr(γ
k
5 ) for k = 1, 5. Using (56), the
Chan-Paton traces trγ29 = trγ
2
5 = −8, trγ49 = trγ45 = 8 and γ69 = γ65 = −1 [11] and χ˜(Θ3,Θk) = 4 for
k = 1, 2, 4, 5, we obtain∑
σ
∑
k∈{N=1}
CPσ σ
(k) = 4K(1)t + 128A(2)95 − 16M(1)9 + 16M(2)5 (93)
= −32 sin(piv3)
[
−2Kˆ(1)t − 8Aˆ(2)95 + Mˆ(1)9 − Mˆ(2)5
]
(94)
= −64 sin(piv3)
[
−Kˆ(1)t − 4Aˆ(2)95 + Mˆ(1)9
]
. (95)
In the second and third equality we used (50)-(54) and Mˆ(2)5 = −Mˆ(1)9 (as can be shown from (46)
and table 2), respectively.
Let us look at∫ ∞
0
dt
t2
[
−Kˆ(1)t − 4Aˆ(2)95 + Mˆ(1)9
]
= −
∫ ∞
1
4Λ
dt
t2
Kˆ(1)t − 4
∫ ∞
1
Λ
dt
t2
Aˆ(2)95 +
∫ ∞
1
4Λ
dt
t2
Mˆ(1)9 . (96)
Then using (46) and (57) - (59), we obtain11
−
∫ ∞
1
4Λ
dt
t2
Kˆ(1)t − 4
∫ ∞
1
Λ
dt
t2
Aˆ(2)95 +
∫ ∞
1
4Λ
dt
t2
Mˆ(1)9 (97)
= −
[
I˜K(2v1) + IK(2v3)
]
− 4
[
I˜A(2v1) + IA(2v3)
]
+
[
IM(v1) + IM(v3)
]
(98)
=
∑
i=1,3
[
− 4pi(1− 4vi)Λ2 − 4pi(1− 4vi)Λ2 + 8pi(1− 4vi)Λ2
]
+ finite constant (99)
= finite constant . (100)
11Note that the theta terms in (46) along the second torus (i.e. for i = 2) vanish (even before integrating), so that
we disregard the i = 2 terms from now on.
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Thus the UV divergences (∝ Λ2) cancel and we are left with a finite constant. The finite contribution
can be read off from (98), plugging in (57) - (59). This results in
pi
8
[
ψ′
(
1
6
)
− ψ′
(
5
6
)]
− 5pi
8
[
ψ′
(
2
3
)
− ψ′
(
1
3
)]
=
10pi
4
[
ψ′
(
1
3
)
− 2pi
2
3
]
= 10pi sin
(pi
3
)
Cl2
(pi
3
)
.
(101)
Putting all constant factors together, the final result reads (using (43), (95) and (101))
(δE)(N=1) =
∑
σ
(δE)(N=1)σ = −
pi(α′)2
64N(4pi2α′)2
(−64) sin
(pi
3
)2
10piCl2
(pi
3
)
=
5
64pi2
Cl2
(pi
3
)
. (102)
5.2 N = 2 sectors
Let us next consider the contribution from N = 2 sectors. Using table 2 and table 3, it is given by∑
σ
∑
k∈{N=2}
CPσ σ
(k) = (103)
=
∑
k=1,2,4,5
K(k)u +
∑
k=0,3
K(k)t +
∑
k=2,3,4
(trγ2k9 )M(k)9 +
∑
k=0,1,5
(trγ2k5 )M(k)5
+
∑
k=0,3
[
(trγk9 )(trγ
k
5 )A(k)95
]
+
∑
k=2,3,4
[
(trγk9 )
2A(k)99 + (trγk5 )2A(k)55
]
(104)
=
∑
k=1,2,4,5
K(k)u +
∑
k=0,3
K(k)t +
∑
k=2,3,4
(trγ2k9 )M(k)9 +
∑
k=0,1,5
(trγ2k5 )M(k)5
+(trγ09)(trγ
0
5)A(0)95 +
∑
k=2,4
[
(trγk9 )
2A(k)99 + (trγk5 )2A(k)55
]
(105)
=
∑
k=0,3
K(k)t + (trγ09)(trγ05)A(0)95 + (trγ69)M(3)9 + (trγ05)M(0)5 ∝ V3 ∼ L[3,M]
+
∑
k=2,4
[
K(k)u + (trγk9 )2A(k)99 + (trγ2k9 )M(k)9
]
∝ V2 ∼ L[2,M]
+
∑
k=1,5
[
K(k)u + (trγ2k5 )M(k)5
]
+
∑
k=2,4
(trγk5 )
2A(k)55 ∝
1
V2
∼ L[2,W] , (106)
where from (64) we have
D(k)σ = (−1)γ3f(γ1)f(γ2) for M(3)9 , M(0)5 (107)
D(k)σ = (−1)γ2−
1
2 (−2 sinpiγ3)f(γ1) for M(1,5)5 (108)
D(k)σ = 1 for K(0,3)t , A(0)95 (109)
D(k)σ = (−1)γ2(−2 sinpiγ3)f(γ1) for K(1,2,4,5)u , A(2,4)99 , A(2,4)55 , M(2,4)9 . (110)
20
In (105) we used the tadpole condition tr(γk9 ) = 0 = tr(γ
k
5 ) for k = 3 [11]. Each line of (106) is
proportional to a different volume factor as shown to the right, cf. table 3. The first line of (106) is
the analog of the contributions appearing in the T2 × T4/Z2 example discussed in [7]. The second
and third lines of (106) illustrate the general discussion below eq. (40): the momentum sum along
the second torus arises from D9-branes (parallel to the second torus) whereas the winding sum arises
from D5-branes (transversal to the second torus). Using (63) and (64) together with table 2 and
χ˜(Θ3,Θ0) = 16 = χ˜(Θ3,Θ3) for K and tr(γ09) = 32 = tr(γ05), we have∑
k=0,3
K(k)t = 128piL[3,M] (111)
(trγ09)(trγ
0
5)A(0)95 = 16 · 128piL[3,M] (112)
(trγ69)M(3)9 + (trγ05)M(0)5 = (−2) · 128piL[3,M] (113)
for the first line of (106), ∑
k=2,4
K(k)u = −24piL[2,M] (114)∑
k=2,4
(trγk9 )
2A(k)99 = −16 · 24piL[2,M] (115)∑
k=2,4
(trγ2k9 )M(k)9 = 2 · 24piL[2,M] (116)
for the second line and ∑
k=1,5
K(k)u = −24piL[2,W] (117)∑
k=2,4
(trγk5 )
2A(k)55 = −16 · 24piL[2,W] (118)∑
k=1,5
(trγ2k5 )M(k)5 = 2 · 24piL[2,W] (119)
for the third line.
In the above expressions we separated the relative factors so as to see the UV-divergence cancel-
lation more easily. Concretely, from (106), (111)-(119), (72) and (73) we obtain∑
σ
∫ ∞
1
eσΛ
dt
t2
∑
k∈{N=2}
CPσ σ
(k)
=
piΛ2
2
(
e2K + 16e
2
A − 2e2M
)(
128C [3,M] − 24C [2,M] − 24C [2,W]
)
+120pi
(
16C [3,M] Γ[3,M] − 3C [2,M] Γ[2,M] − 3C [2,W] Γ[2,W]
)
(120)
= 120pi
(
16C [3,M] Γ[3,M] − 3C [2,M] Γ[2,M] − 3C [2,W] Γ[2,W]
)
. (121)
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In the second equality we used e2K+ 16e
2
A− 2e2M = 0, cf. (47). Thus the UV-divergences cancel. For
the finite piece we obtain, using (62), (121), (67) and (74),
(δE)(N=2) = − 15pi
2(α′)2
8N(4pi2α′)2
(
16C [3,M] Γ[3,M] − 3C [2,M] Γ[2,M] − 3C [2,W] Γ[2,W]
)
(122)
= − 5
256pi2
(
4V3
pi2α′
Γ[3,M] − 3V2
4pi2α′
Γ[2,M] − 12pi
2α′
V2
Γ[2,W]
)
(123)
= − 5
256pi2
[
64pi2α′
V3
E2
(
U [3]
)− 12pi2α′
V2
E2
(
U [2]
)− 3V2
4pi2α′
E2
(
− 1
U [2]
)]
. (124)
Altogether, adding up the N = 1 and N = 2 contributions from K,A and M and also the
contributions from T and S2 given in (18), we obtain
δE =
5
64pi2
Cl2
(pi
3
)
− 5
256pi2
[
64pi2α′
V3
E2
(
U [3]
)− 12pi2α′
V2
E2
(
U [2]
)− 3V2
4pi2α′
E2
(
− 1
U [2]
)]
+
χ
(2pi)3
(
2ζ(3)
e−2Φ4
V +
pi2
3
)
, (125)
where Cl2(pi/3) ≈ 1.015 and the Euler number of the Z′6 orientifold is χ = 2(h(1,1) − h(2,1)) = 48,
cf. table 2 in [26], for instance. Note the term proportional to V2 in (125) which survives the large
volume limit. It can be traced back to the contribution of winding modes, cf. the last line of (106).
Such terms (which survive the large volume limit) were absent in the N = 2 model discussed in
[7], but a similar term was found by [10] in an N = 1 model in type IIA. At first sight it might
be a bit surprising that it is the contribution of the winding modes that survives the large volume
limit, given that the winding states become very heavy in this limit. However, this intuition has to
be utilized with care in cases where one has an infinite tower of winding states. In that case the
contribution of the winding modes in the open string channel can be reinterpreted via a Poisson
resummation as arising from KK momentum modes in the closed string channel.
6 Conclusions and Outlook
We determined the quantum corrections to the Einstein-Hilbert term in toroidal minimally super-
symmetric type IIB orientifolds at 1-loop order. The contributions from annulus, Mo¨bius and Klein
Bottle are given by the general formula (25), which is very similar to the formula derived in [10] for
type IIA orientifolds with D6-branes at angles. We then evaluated this formula in concrete examples
(the Z3 and Z′6 models). In doing so we encountered a new type of contributions which was absent
in [10]. It arises from the annulus with one end on a D9-brane and one on a D5-brane, as well as
from the twisted Klein Bottle. We found non-trivial contributions both from the N = 2 and the
N = 1 sectors of the annulus, Mo¨bius and Klein Bottle amplitudes (as usual, N = 4 sectors do not
contribute). This is in contrast to the result of [9] which only found contributions from the torus
(for orbifolds of odd order). Moreover, the resulting correction to the Einstein-Hilbert term from
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the N = 2 sectors in the Z′6 model has the interesting feature that it does not vanish in the limit
of large internal volume, cf. the term proportional to V2 in (125). This is different from the N = 2
case discussed in [7] and similar to the situation in minimally supersymmetric type IIA toroidal
orientifolds discussed in [10].
Our main motivation to consider 1-loop corrections to the Einstein-Hilbert term is their im-
portance for determining the 1-loop corrections to the Ka¨hler potential of the moduli, cf. (6). A
complete determination of these corrections also requires a knowledge of the correct definition of the
field variables at 1-loop level. One strategy to obtain the quantum corrections to τ , cf. (5), would
be to use that the D5-brane gauge coupling is the imaginary part of a holomorphic function of the
moduli fields. At leading order it is given by τ (0). This arises at disk level. Any correction of order
e2Φ10 relative to this (i.e. any 1-loop correction to this) would have to arise from genus-3/2 contri-
butions to the gauge coupling. It would be interesting to determine these following the preliminary
work of [27, 28, 29, 30]. We leave this for future work.
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A Useful formulas
The ϑ functions are
ϑ[ ~α~β ](~ν,G) =
∑
~n∈ZN
eipi(~n+~α)
TG(~n+~α)e2pii(~ν+
~β)T(~n+~α) . (126)
Poisson resummation:
ϑ[
~0
~0
](0, itG−1) =
√
Gt−N/2 ϑ[~0~0 ](0, it
−1G) . (127)
Modular transformation for annulus and Klein bottle:
ϑ[α
β
](ν, τ) = (−iτ)−1/2e2piiαβ−piiν2/τϑ[−β
α
](ν/τ,−1/τ) . (128)
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Shifts in characteristics:
ϑ[α+1
β
](ν, τ) = ϑ[α
β
](ν, τ) ,
ϑ[ α
β+1
](ν, τ) = e2piiαϑ[α
β
](ν, τ) . (129)
ν-periodicity formula:
ϑ[α
β
](ν + aτ + b, τ) = e−2piiabe−piia
2τe−2piia(ν+β)ϑ[α+a
β+b
](ν, τ) . (130)
B The partition function of Z′6
The partition function for the world-sheet σ reads
〈1〉σ = Zσ = V4
8N(4pi2α′)2
∫ ∞
0
dt
t3
N−1∑
k=0
∑
s=even
Z(k)σ (τσ, s) (131)
with
Z
(k)
A (τA, s) = Z
(k)
99 (τA, s) + Z
(k)
55 (τA, s) + Z
(k)
95 (τA, s) , (132)
Z
(k)
M (τM, s) = Z
(k)
9 (τM, s) + Z
(k)
5 (τM, s) , (133)
Z
(k)
K (τK, s) = Z
(k)
u (τK, s) + Z
(k)
t (τK, s) , (134)
where the indices u and t for the Klein bottle indicate the contributions of untwisted and Θ3-twisted
strings running in the loop, cf. the caption of table 2. In the following, exemplarily we list the full
expressions for A, M and K for the case of Z′6. In this appendix we do not assume that all the D5-
branes sit at the origin of the transverse space. Rather we allow them to sit at different fixed points.
The partition function for this Z′6 orientifold is, of course, in principle already contained in [11] (for
a partial list, see also app. B of [31]). We nevertheless hope that the complete list below is useful, as
the presentation slightly differs from the one given in [11]. First we give all the different amplitudes
before the spin-structure sum and second, for the Mo¨bius amplitude we use the half-shifted torus
parameter τM in the ϑ-functions.
B.1 Annulus
Z
(k=0)
99 (τA) =
V1V2V3
(4pi2α′t)3
(
trγ0,9
)2 ×
×
 ∑
α,β=0, 1
2
ηαβ
3∏
i=0
ϑ
[
α
β
]
η3
 3∏
j=1
∑
m1,m2
e−
pi
t
mambg
[j]
ab , (135)
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Z
(k=1,5)
99 (τA) =
(
trγk,9
)2 3∏
j=1
(−2 sinpikvj)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
3∏
i=1
ϑ
[
α
β+kvi
]
ϑ
[
1/2
1/2+kvi
]
 , (136)
Z
(k=2,4)
99 (τA) =
V2
(4pi2α′t)
(
trγk,9
)2 ×
×
∏
j=1,3
(−2 sinpikvj)
∑
m1,m2
e−
pi
t
mambg
[2]
ab
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv2
]
η3
∏
i=1,3
ϑ
[
α
β+kvi
]
ϑ
[
1/2
1/2+kvi
]
 , (137)
Z
(k=3)
99 (τA) =
V3
(4pi2α′t)
(
trγ3,9
)2 ∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv3
]
η3
∏
i=1,2
2ϑ
[
α
β+kvi
]
ϑ
[
1/2
0
]
 , (138)
Z
(k=0)
55 (τA) =
V3(4pi
2α′)2
V1V2 t2(4pi2α′t)
(trγ0,5)
2
2∏
j=1
∑
w1,w2
e−
pi
t
wawbg
[j]ab ×
×
∑
m1,m2
e−
pi
α′tm
ambg
[3]
ab
 ∑
α,β=0, 1
2
ηαβ
3∏
i=0
ϑ
[
α
β
]
η3
 , (139)
Z
(k=1,5)
55 (τA) =
3∑
L=0
(
trγk,5,L
)2 3∏
j=1
(−2 sinpikvj)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
3∏
i=1
ϑ
[
α
β+kvi
]
ϑ
[
1/2
1/2+kvi
]
 , (140)
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Z
(k=2,4)
55 (τA) =
(4pi2α′)
V2 t
2∑
M=0
(
trγk,5,M
)2 ×
×
∏
j=1,3
(−2 sinpikvj)
∑
w1,w2
e−
pi
t
wawbg
[2]ab
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv2
]
η3
∏
i=1,3
ϑ
[
α
β+kvi
]
ϑ
[
1/2
1/2+kvi
]
 , (141)
Z
(k=3)
55 (τA) =
V3
(4pi2α′t)
15∑
I=0
(
trγ3,5,I
)2 ∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv3
]
η3
∏
i=1,2
2ϑ
[
α
β+kvi
]
ϑ
[
1/2
0
]
 , (142)
Z
(k=0)
95 (τA) =
V3
(4pi2α′t)
trγ0,9trγ0,5
∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
∏
i=0,3
ϑ
[
α
β
]
η3
 2∏
i=1
ϑ
[
α+1/2
β
]
ϑ
[
0
1/2
]
 , (143)
Z
(k=1,5)
95 (τA) =
3∑
L=0
trγk,9trγk,5,L(−2 sinpikv3)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv3
]
ϑ
[
1/2
1/2+kv3
] 2∏
i=1
ϑ
[
α+1/2
β+kvi
]
ϑ
[
0
1/2+kvi
]
 , (144)
Z
(k=2,4)
95 (τA) =
2∑
M=0
trγk,9trγk,5,M (−2 sinpikv3)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv3
]
ϑ
[
1/2
1/2+kv3
] 2∏
i=1
ϑ
[
α+1/2
β+kvi
]
ϑ
[
0
1/2+kvi
]
 , (145)
Z
(k=3)
95 (τA) =
V3
(4pi2α′t)
15∑
I=0
trγ3,9trγ3,5,I
∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv3
]
η3
2∏
i=1
ϑ
[
α+1/2
β+kvi
]
ϑ
[
0
1/2+kvi
]
 . (146)
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B.2 Mo¨bius
Z
(k=0)
9 (τM) = −
V1V2V3
(4pi2α′t)3
tr
(
(γΩ0,9)
T(γΩ0,9)
−1)×
×
 ∑
α,β=0, 1
2
ηαβ
3∏
i=0
ϑ
[
α
β
]
η3
 3∏
j=1
∑
m1,m2
e−
pi
t
mambg
[j]
ab , (147)
Z
(k=1,5)
9 (τM) = −tr
(
(γΩk,9)
T(γΩk,9)
−1) 3∏
j=1
(−2 sinpikvj)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
3∏
i=1
ϑ
[
α
β+kvi
]
ϑ
[
1/2
1/2+kvi
]
 , (148)
Z
(k=2,4)
9 (τM) = −
V2
(4pi2α′t)
tr
(
(γΩk,9)
T(γΩk,9)
−1)×
×
∏
j=1,3
(−2 sinpikvj)
∑
m1,m2
e−
pi
t
mambg
[2]
ab
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv2
]
η3
∏
i=1,3
ϑ
[
α
β+kvi
]
ϑ
[
1/2
1/2+kvi
]
 , (149)
Z
(k=3)
9 (τM) = −
V3
(4pi2α′t)
tr
(
(γΩ3,9)
T(γΩ3,9)
−1) ∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv3
]
η3
∏
i=1,2
2ϑ
[
α
β+kvi
]
ϑ
[
1/2
0
]
 , (150)
Z
(k=0)
5 (τM) = −
V3
(4pi2α′t)
tr
(
(γΩ0,5)
T(γΩ0,5)
−1) ∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
∏
i=0,3
ϑ
[
α
β
]
η3
 2ϑ
[
α
β+1/2
]
ϑ
[
1/2
0
] 2ϑ
[
α
β−1/2
]
ϑ
[
1/2
0
]
 , (151)
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Z
(k=1,5)
5 (τM) = −
(4pi2α′)
V2 t
3∑
L=0
tr
(
(γΩk,5,L)
T(γΩk,5,L)
−1)×
×(−2 sinpikv3)(2 cospikv1)
∑
w1,w2
e−
pi
t
wawbg
[2]ab
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv1+1/2
]
ϑ
[
1/2
kv1
] ϑ
[
α
β+kv2−1/2
]
η3
ϑ
[
α
β+kv3
]
ϑ
[
1/2
1/2+kv3
]
 , (152)
Z
(k=2,4)
5 (τM) = −
2∑
M=0
tr
(
(γΩk,5,M )
T(γΩk,5,M )
−1)(−2 sinpikv3) ∏
j=1,2
(2 cospikvj)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv1+1/2
]
ϑ
[
1/2
kv1
] ϑ
[
α
β+kv2−1/2
]
ϑ
[
1/2
kv2
] ϑ
[
α
β+kv3
]
ϑ
[
1/2
1/2+kv3
]
 , (153)
Z
(k=3)
5 (τM) = −
V3(4pi
2α′)2
(4pi2α′t)V1V2 t2
15∑
I=0
tr
(
(γΩ3,5,I)
T(γΩ3,5,I)
−1)×
×
∑
m1,m2
e−
pi
t
mambg
[3]
ab
2∏
j=1
∑
w1,w2
e−
pi
t
wawbg
[j]ab
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+kv1+1/2
]
η3
ϑ
[
α
β+kv2−1/2
]
η3
ϑ
[
α
β+kv3
]
η3
 . (154)
B.3 Klein Bottle
Z(k=0)u (τK) =
V1V2V3
(4pi2α′t)3
3∏
j=1
∑
m1,m2
e−
pi
t
mambg
[j]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
3∏
i=0
ϑ
[
α
β
]
η3
 , (155)
Z(k=1,5)u (τK) =
(4pi2α′)
V2 t
∏
j=1,3
(−2 sin 2pikvj)
∑
w1,w2
e−
pi
t
wawbg
[2]ab ×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+2kv2
]
η3
∏
i=1,3
ϑ
[
α
β+2kvi
]
ϑ
[
1/2
1/2+2kvi
]
 , (156)
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Z(k=2,4)u (τK) =
V2
(4pi2α′t)
∑
m1,m2
e−
pi
t
mambg
[2]
ab
∏
j=1,3
(−2 sin 2pikvj)
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+2kv2
]
η3
∏
i=1,3
ϑ
[
α
β+2kvi
]
ϑ
[
1/2
1/2+2kvi
]
 , (157)
Z(k=3)u (τK) =
V3(4pi
2α′)2
V1V2 t2(4pi2α′t)
2∏
j=1
∑
w1,w2
e−
pi
t
wawbg
[j]ab ×
×
∑
m1,m2
e−
pi
α′tm
ambg
[3]
ab
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
3∏
i=1
ϑ
[
α
β+2kvi
]
η3
 , (158)
Z
(k=0)
t (τK) =
V3
(4pi2α′t)
χ˜(Θ3,Θk)
∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
∏
i=0,3
ϑ
[
α
β
]
η3
 2∏
i=1
ϑ
[
α+1/2
β
]
ϑ
[
0
1/2
]
 , (159)
Z
(k=1,5)
t (τK) = χ˜(Θ
3,Θk) (−2 sin 2pikv3)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+2kv3
]
ϑ
[
1/2
1/2+2kv3
] 2∏
i=1
ϑ
[
α+1/2
β+2kvi
]
ϑ
[
0
1/2+2kvi
]
 , (160)
Z
(k=2,4)
t (τK) = χ˜(Θ
3,Θk) (−2 sin 2pikv3)×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+2kv3
]
ϑ
[
1/2
1/2+2kv3
] 2∏
i=1
ϑ
[
α+1/2
β+2kvi
]
ϑ
[
0
1/2+2kvi
]
 , (161)
Z
(k=3)
t (τK) =
V3
(4pi2α′t)
χ˜(Θ3,Θk)
∑
m1,m2
e−
pi
t
mambg
[3]
ab ×
×
 ∑
α,β=0, 1
2
ηαβ
ϑ
[
α
β
]
η3
ϑ
[
α
β+2kv3
]
η3
2∏
i=1
ϑ
[
α+1/2
β+2kvi
]
ϑ
[
0
1/2+2kvi
]
 . (162)
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C Two integrals
C.1 N = 1 sector t-integral
In order to evaluate the t-integral of N = 1 sectors with hi 6= 0 (i.e. for Kt and A95, cf. table 2) we
need the integral (assuming 0 < γ < 1)
I =
∫ ∞
1
eσΛ
dt
t2
ϑ′4(γ, τσ)
ϑ4(γ, τσ)
(163)
with σ = K,A and τσ = ieσt2 (eσ was defined in (47)). Evaluating this integral follows very closely a
similar calculation in app. M of [4]. By modular transformation of the Jacobi theta function (using
(128), ϑ4 = ϑ[
0
1/2
] and ϑ2 = ϑ[
1/2
0
]) we have
ϑ′4(γ, ieσt/2)
ϑ4(γ, ieσt/2)
= −4piγl − 2ilϑ
′
2(−2iγl, 2il)
ϑ2(−2iγl, 2il) , (164)
where l ≡ 1eσt . Using the representation for |Im(z)| < Im(τσ) (cf. prob. 12 on p. 489 of [32])
ϑ′2(z)
ϑ2(z)
= −pi tanpiz + 4pi
∞∑
n=1
(−1)nqn
1− qn sin 2pinz (165)
= −pi tanpiz + 4pi
∞∑
n,m=1
(−1)nqnm sin 2pinz , (166)
we arrive at
I =
∫ ∞
1
eσΛ
dt
t2
ϑ′4(γ, τσ)
ϑ4(γ, τσ)
(167)
= eσ
∫ Λ
0
dl
(
−4piγl − 2ilϑ
′
2(−2iγl, 2il)
ϑ2(−2iγl, 2il)
)
(168)
= −2pieσ
∫ Λ
0
dl l
(
2γ − tanh(2piγl) + 4
∞∑
n,m=1
(−1)ne−4pilnm sinh(4pinγl)
)
. (169)
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Let us start with the last term, which is free of UV divergencies (so we can set Λ =∞):
I1 = −8pieσ
∫ ∞
0
dl l
∞∑
n,m=1
(−1)ne−4pilnm sinh(4pinγl)
= −pieσ
∞∑
n,m=1
(−1)nγm
(γ2 −m2)2n2pi2
= −pieσ
( ∞∑
n=1
(−1)n
n2pi2
)( ∞∑
m=1
γm
(γ2 −m2)2
)
= −eσ pi
48
[ψ′(1 + γ)− ψ′(1− γ)]
= −eσ pi
48
[
ψ′(γ)− ψ′(1− γ)− 1
γ2
]
. (170)
Here ψ′(x) denotes the trigamma function and in the last line we used ψ′(1 + γ) = ψ′(γ)− 1/γ2.
Now let us look at the first and second term in (169):
I2 = −2pieσ
∫ Λ
0
dl l(2γ) = −2pieσγΛ2 , (171)
I3 = 2pieσ
∫ Λ
0
dl l tanh(2piγl) = eσ
[
− pi
48γ2
+ piΛ2 +
Λ log(1 + e−4γΛpi)
γ
− Li2(−e
−4γΛpi)
4γ2pi
]
Λ→∞
= eσ
[
− pi
48γ2
+ piΛ2
]
. (172)
Here Li2(z) is the dilogarithm function. In the second equality we used that the third and last term
vanish as Λ→∞.
In total we obtain∫ ∞
1
eσΛ
dt
t2
ϑ′4(γ, eσit/2)
ϑ4(γ, eσit/2)
= I1 + I2 + I3 = eσpi(1− 2γ)Λ2 − eσ pi
48
[
ψ′(γ)− ψ′(1− γ)] . (173)
C.2 N = 2 sector t-integral
The t-integrals appearing in N = 2 sectors are very similar to those determining the N = 2 sector
corrections to the Ka¨hler metric calculated in [33]. Concretely, they are given by
Γ[n,M/W] =
∫ ∞
0
dt
t3
∑
~m∈Z2\~0
e−
pi
t
mamb g
[n,M/W]
ab (174)
=
∑
~m∈Z2\~0
∫ ∞
0
dt
t3
e−
pi
t
mamb g
[n,M/W]
ab (175)
=
1
pi2
∑
~m∈Z2\~0
1(
mamb g
[n,M/W]
ab
)2 . (176)
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The metric g
[n,M/W]
ab is given by (68). Using (68) and the expression for g
[n]
ab in terms of the complex
structure U [n] = U
[n]
1 + i U
[n]
2 of nth torus, i.e.
g
[n]
ab =
√
detg[n]
U
[n]
2
(
1 U
[n]
1
U
[n]
1
∣∣U [n]∣∣2
)
, (177)
one can write
g
[n,M/W]
ab =

√
detg[n]
U
[n]
2
(
1 U
[n]
1
U
[n]
1
∣∣U [n]∣∣2
)
for M (momentum sum)
1
U˜
[n]
2
√
detg[n]
(
1 U˜
[n]
1
U˜
[n]
1
∣∣U˜ [n]∣∣2
)
for W (winding sum)
(178)
with U˜ [n] = U˜
[n]
1 + i U˜
[n]
2 = −(U [n])−1 (i.e. U˜ [n]1 = −U [n]1 /
∣∣U [n]∣∣2 and U˜ [n]2 = U [n]2 /∣∣U [n]∣∣2). U˜ [n] =
−(U [n])−1 follows from the fact that g[n,W]ab is the inverse matrix of g[n,M]ab .
Then we obtain
∑
~m∈Z2\~0
1(
mamb g
[n,M/W]
ab
)2 =

1
detg[n]
E2
(
U [n]
)
, for M (momentum sum)
detg[n]E2
(− (U [n])−1) for W (winding sum) . (179)
Here Es(U) is the non-holomorphic Eisenstein series
Es(U) =
∑
~m∈Z2\~0
U s2
|m1 +m2 U |2s . (180)
Therefore, from (176) and using
√
detg[n] = Vn
4pi2α′ , we obtain
Γ[n,M/W] =

(4pi2α′)2
pi2V 2n
E2
(
U [n]
)
, for M (momentum sum)
V 2n
pi2(4pi2α′)2 E2
(− (U [n])−1) for W (winding sum) . (181)
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